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FOREWORD

This report has been prepared to acquaint the
reader with some of the results drawn from a
study of the electromagnetic properties of plas-
mas, made by the scientists zszociated with the
RCA Victor, Ltd., ResearchLaboratories, Mon-
treal, Canada, This work was performed under
Contract DA-36-034-ORD-3144RIL as part of the
Down-Range Anti-Ballistic Measurements Pro-
gram (DAMP).
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ABSTRACT

This report is a study of electromagnetic properties of
homogeneous anisotropic plasmas.

The propagation characteristic. of electromagnetic waves
in anisotropic plasmas are exemined for propagation parallel to
and perpendicular to the applied d-c magnetic field. The exist-
enco of very low freqrancy pass-bands due to ion effects is
roted, Faraday rotation due to the earth's magnetic field is
considered for the ionosphere and the plasma sheath of a re-sntry
vehicle.

A generalized and exact form of Kirchhoff's law is used to
obtain the absorptivity of a plasma from its electromagnetic
properties. The absorptivity of an isotropic and anisotropic
plasma slab is computed for normal incidence and the effects of
electron collision frequency, slab tnickness, stop-bends and

boundery ef'fccts on the radintion spectrum is presented.
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BLECTROMAGNRETIC WAVE PROPAGATION AND
RADITATION CHARACTRRISTICS OF ANISOTROPIC PLASMAS

I. INTRODUCTION

A large percentage of the total matter in the universe consists
of plasma, or ionized gases whose net charge is zero., TFig, 1.1 shows the
approximate range of electron concentration and magnetic field fur some of
these plasmas, Plasmas of interest range from fusion devices with very
largo electron densities and magnetic fields to the most tenuous plasmas
encountered in astrophysics. Important parameters when considering electro-
magnetic mropagation and passive radiction from plasmas are the plasma
frequency, Wp, which is directly related to the elzctron density, and the
electron collision frequency, V., Approximate ratios of V/bp for a number
of plasmas of interest are shown in Fig. 1.1, Note that the boundaries of
the regions will, in general, extend further than shown, especially towards
lower magnetic fields and electi=n concentrations. Generally, anomalous
propagation and enhanced pessive radiation is expected in the regions where
the electromagnetic frequency, w, is close to the plasma fremency “p or
the electron cyclotron frequency, #,. Lines of w = ¢, and ¥ = Wy have heen
inserted for a frequency of f = @ /2m = 8 Kmc/s.

The type of plasma of particular interest in this study is the
plasma sheath which forms around a high velocity re-entry vehicle, Propa-
gation of electromagnetic ¢nergy in magnetized plasmas is examined and low
f13aquency pass-bands are shown to exist for certain orientations of magnetic
field, This opens up the possibility of creating these low¥ frequency pass-

bands by means of a fairly high magnetic field carried in the vehicle, A



signal would propagate with little reflection or absorpticn from the sheath

at frequoncies much lower than the plasma frequency. The Farsdey rotation
which might take place when propagetion is parallel to the earth's magnetic
field is examined and shown to be smell, The passive microwave radietion
spectrum emitted from the plasma sheath of & re-entry vehicle is examined.

The radintion spectrum may be considerably different if a magnetic field is
carried by the vehicle. The particular case where there is no magnetic field
is included., Considerations are .also given to the radirtion spectrum detected
by & microwave radiometer in terms of the emitted spectrum,

The electromagnetic properties of a plasma can be deduced from a
knowledre of the dielectric coefficient of a plasma. In the case where the
plesma is anisotropic due to an aepplied d-c magnetic field the dielectric
coefficient is & tensor quantity and the propegetion characteristics are a
fuiction of the orientation of magnetic field. The solution of Maxwell's
equations in & uniform plasma shows that there are two possible waves for
propagation at any arbitrary angle to the d-c magnetic field, The particular
casos of propagation parallel to and perpendicular to the magnetic field are
considered.

The equilibrium radiztion of a body can be determined from its
absorptivity to an incident plane wave by Kirchhoff's law, For the particulsar
case of & uniform plasma sleb whe '» dimensicns perpendicular to the direction
of propagation are infinite the absorptivity is deduced from the propagation
characteristics of the plasma by matching the electromegnetic fields at the
boundaries, A solution may then be obtained for an arbitrary orientestion of
the magnetic field by an eppropriate choice for the values of the dielectric
coefficient, In the present work the absorptivity is computed r'or the case

where the d-c magnetic field is orientated either parsllel or porpendicular



to the slab boundaries, The absorptivity spectrum as a function of electron
collision frequency and slab thickness is presented, The effect of the
"stop-bands" of a plasma has a very marked effect on the absorptivity and
radiation spectrum, In general, one expects enhanced radistion around the
edges of and outside the "stop-bands" as long as the electron collision
frequency is not too high, OSharp boundaries have a marked effect on the
absorptivity opectrum, For example, internal reflections from the walls can
give rise to undulations in the spectrum, The effect of various plasma
paremeters such as electron density, magnetic field, slab thickness and

electron collision fraquency is discussed.



II. ELFRCTROMAGNRTIC WAVES IN ANISOTROPIC PLASMAS

2.1 Propagation of Electromapnetic Waves in Anisotropic Plasmas

In the pri:sence of a d-c magnetic field a uniform plasma becomes
anisotropic, Consequently, the dislectric coofficient of the plasma must
be described in terms of a tensor quantity, i.e. considering a uniform d-c¢

ragnotic field along the z-directiont

511 3512 0

K = Kp- JKy = "3512 €44 0 =1+ 4 (2-1)

0 0] Exy

where: K is the dielectric coefficient with resl part Ky and imaginary
rart Ky
w is the r-f frequency
€, 1is the permittivity of free space

€4: are the elements of the dielectric tensor and

1J
J:".’j
1 00
I=]10 1 0 [is the unit tensor, and
0 0 1

0 is the conductivity tensor,

The basic wave equations to solve in the case of an anisotropic,

homogeneous medium are then:

~> 2—D
Vx V¥x E = k*KE ( )
2.2
Vx Vx 1 = KK

where: k = 2r/A is the wave number.



Since the medium is homogeneous, no gradients in the dieleotrio coefficient
exist., Dy expanding the above equations in component form it is not too
difficult to obtain a solution for an n-m wave propagating in such a medibm1’2.
For a plane wave a valid solution is in terms of the electric field of
the foru:
- _k("."“) "
kS g-dk(ner) o

E=E, (2-3')

where: n 1is a vector in the direction of propagation of magnitude equal to
the refractive index of the plasma.

is the position vector.

R4

The magnitude of the refractive index (n) of the plasma is related to the
attenuntion constant («) and phase constant (B) of the propagating electro-

magnetic wave through:
1
jkn = JKK® = (a+ 38) (2.4)

The solutions of Eqns, 2.2 show1’2’3 that, due to the magnetic
field (vhich causes the anisotrony), two solutions for the refractive index
are possible for any direction of propagation of the wave in the plasma,

The plasma thus behaves as a doubly refracting medium, The characteristics
of the electromagretic waves in the 7lasma are most readily obtained for the
special situations of propagation either along the uniform d-c magnetic
field or transverse to (across) the magnetic field. The discussions in

this report will be limited to these :wo cases.

(a) Direction of propagation aiong the d-c magnetic field,
In this situation, the two values for the dielectric constant
(using Eqns, 2.1- 2,3) are
Kerfze, e, (2.52)



Th: wave can te shown to consist of two components, one right-hand circulerly
polarized, the other left-hand circularly polarized. The right-hand
cirsularly polarized (+ sign} corresponds to electron motion transverse to
the magnetic field lincs. The left-hand circularly polarized wave ccrres-
ponds to ion motion transverse to the megnetic field lines. These two waves

will be cnlied the electron cyclotron and ion cyclotron waves. These are

the two waves responsible for the well known Faraday effect - the rotation

of plane of polarization of a linearly polerized wave as it propagates through

e magne to-ionic medium (see Sec. 2.2).

{b) Direction of propagetion transverse to the d-c magnetic field.

The two nossible waves in this case depend upon the orientation
of the field components of the electromagnetic field relative to the d-c
magnetic field,

For the electric vector of the e-m wave parallel to the d-c

magnetic field the dielectric constant is:
K = 533 (2.5b)

so that the e-m wave is unaffected by the d-c magnetic field., This wave
shall be termed the ordinary wave since it has the same characteristics as
a wave travelling in an isotropic plasma,

For the magnetic vector of the e-m wave parallel to the d-c
magnetic field the dielectric constant is given by:

. (eu-E.z)(E,uEaQ (2.5¢)
11




O —

This wave is transverse to the magnctic vector of the electromagnetic field
but it is not entirely transverse to the direction of propagation. It is
elliptically polsrized in thc plane perpendicular to the H-vector and con-
tains a component of E in the direction of propagntion, As a result of these
characteristics this wave shall be called the extraordinary wave., In optics
these two types of waves of differing rhase velocities which propagate trans-
verse to the d-c magnetic field give rise to the Gotton-Mouton effect.

The normalized attenuation and phase constants for a plane wave

can be calculated f'rom1:

AR

= l—-;- el - KP)] : (2.68)

™

-[5 el )| : (2.60)

ikl =[Kr2+ Kiz‘] *

—

where:

The general phenomena can be illustrated by ccnsidering a lossless

plasma (with collision frequency V= 0), For a lossless plasma the elements

of the dielectric tensor become (including ion ef‘f'ects):1’3
) 2
eyy =1 - 2F L . ! (2.72)
[ -wb/w][1+ﬂb/w] [1 +wb/w][1-ﬂb/w]
w2 1 4 o
€y = = 20 = (2-7b)
(1-wpll1+ 0] (14 0y/w]l1-0pw)
€35 = 1-wp2/w2 (2.7¢c)



where: (I, = 9%1 = ion cyclotron frequency
Wy = E%g‘ = electron cyclotron frequency
—_—

2
ne® /1 14
up = jji: \E+'ﬁ> = plasma frequency

B, = d-c magnetic field

m = electron mass

M = ion mass

8 = electronic charge

n = number density of electrons

Using these values for the slements of the dielectric coefficient, we can
calculate frequencies for which the phase constant B = O 4i.e. the wave is
cut off and will not propagate in the plasma and for which the attenuation
constant a = | i,e. the wave is completely attenunted1. For frequencies
between these two limits the wave cannot propagate in the plasma and thus a
stop-band exists for these frequencies. The stop bands derend upon
orientation of the magnetic field reletive to the wave vector, the strength
of the d-c magnetic field, the collision frequency, electron density and
species of ions in the plasma. A summary of the stop-regions is given in
Table 2,1, If in Table 2.1, fl, 1is set equal to zero, then the ions are
considered as stationary and hence their effects on the electromagnetic
wave are neglected,
In particular note the effects of the ions, namely:
(1) 1low frequency “windows" exizt for both the ion cyclotron and extra-
ordinary waves.
(2) there will be different band-pass regions corresponding to each species
of ions., This is the case if the plasma contains a mixture of different

ions (e.g. - high temperature air),
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FREQUENCY

Eleatpon ion Exten-
Gralotron | Gyolotren ".'r:inur_r Dedd nary
Wavm Wave i Wave

Low frequency
"windows"

Stop regions considering electrons only,

Stop regions considering both electrons and ions,

Fig. 2.1 - Stop-band regions for a plasma in the presence of
a d-c magnetic field,



A pictorial representation of the stop-bands for the different
waves compnring the regions when electron effects only are considered to
the regions when ion effects are included is shown in Fig. 2.1.

The effect of losses (i.e. collisions between the plasma
constituents) cn the propagetion of an e-m wave is that the cut-off bands
are not =~ abrupt, but thc attenuastion increases smoothly. The highly
attenuated bands are, however, located in approximately the same regions of
frequency as nhove.

The terms "stop" and "pass" bnnds arc reteined in this report for
& plasma with collisions, although these terms have little physical meaning
when the collision frequency is high (v ~ wp). The limits of these bands
are in all cases taken %o he those listed in Table 2.1,

In Table 2,2 are listed the values of tne reel and imaginary
parts of the dielectric coefficient for the verious waves. From these
expressions the propagation constants for lossv plasma con be calculated
using Eq.(2.6).

The normalized attenuation and phase constents (a/k and B/k) for
the various waves arc shown &5 functions of the variable:sl+ F = w/bp end
C = v/bp, in Figs. 2.2 to 2.5. The particular case of wb/bp = 2 was chosen
ard ion effects were neglected.

Fig. 2,2 shows the variation of a/k and P/k for the electron
cyclotron weve. The effect of the stop-band is very marked, The lower
and upper limi.ts of the stop-band (Fig, 2.1) arc respectively w = wy
(F =2,0) and @ = w,/2 + 4753757?:7355 (F = 2.414). Clearly, the plane
cen be divided into two distinct regions; a "stop" (the lower right side of
the plane) and "pass" (the upper lcft side of the plaie’ repions whose

boundaries are the F = 2,0 and T = 2,14 contours, These contours are



cwwEed 57dosictTLe WICITUT ® UT SaAea T3 euFwmalydate Ao WITIT 33800 DFIII8T8IG 277 S1Qul
AN
N = 3 d
w3 S e ==
Tiwt e Cofimes
“bwzz wotsTy100 uor = Ta a
*B3x} UDTEITT0D wOAIIATE * A a " 1
P B
Guime du 22 o G- Ao . -
T g2 e e/ m ety o Fa ey .T.\-n.....-&u.ac-:!-..nsv.l..:_ J.xo -
—Tfime - - ] = x
&= R T o
) od_ - s on
N P LA 2 s aleagy e, | ORI | GAF AR ¥
oI s Yo e &e
2 * € ATeUTpiowI g
) , 2= o)
& ~/3a * . gm lne, .
’ e tE - & - sa3p Lawu
A/ A 2 e & i fomutong
@ H g
vey o e
e AILTNL G A LI PRI pogfeca o eer (st
. - T T o w
(Fae Vaa 7y
o oo Lo n ey e oo - TERETO
CH - o, e ®oawy uC:301340
: &..._ e r.... i &-..
— ——
h > ...'-4‘-3: i 5 =y wlLy ezvg
Suo] W EuGIIdely S




- 10 -

the straight lines a/k = f/k when U/bp,<< 1 but become distorted for larger
values of' collision frequency. This arises because the edges of the stop-
bands correspond exactly to K, = O for a collisionless plasme and very
closely to Kp = O for a plasme witl a small collision frequency.

Note thaet in the region of, end below the ion cyclotron frequency,
My (say ¥ < 10°*), ion effects, which have been neglected, become important,
As F = w/bp is increased from 10™* to 10”' (the r-f frequency being well
below the plesma frequency) the normalized attenuation constant a/k decreases
by a factor of the order of 3; the attenuation constant a, however, increases
by a similar fector. Such low f'requency electromagnetic waves propagate
with very little ettenustion inside a plasma. However, since the normalized
phase constant, B/« is much larger then unity at these low fremencies the
reflections from the plasme boundaries ere very highh. Such a wave inside
a plasme is trapped and constreined to follow the magnetic lines of force
(for example the "whistler" mode in the upper atmosphere),

As the r-I Crequency of the wave is increased still further
beyond F = 1 (i.,e. around the plasma frequency) the normalized attenuation
constant increases and as the lower edge of the stop band is approached both
a/k and @ increase very rapidly, especielly for the low collision frequencies,
For axample, C = v/wp =107 gives an increase of a factor of 10’ in
attenuation when F = w/@p changes from 1,9 to 2,0, As the lower edge of the
stop-bend is passed, the valuc of B/k, and therefore the phase velccity of
the wave, decreases very rapidly. Passing through the upper edge of the
stop-band into the pasrc-band (i.e. above the plasme frequency) is
characterized by a violent decresse of attenuation constant. Increasing
the frequency still further has the effect of making the plasma appear as

a slightly lossy dielectric with a normalized phase constant B/k close to
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cyclotron wave,

Fig. 2.2 Normalized attenuation and phase constaats for the elsctron
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unity and with a small attenuation,

Fig. 2.3 shows the propapgation constants for the ion cyclotron
wave. Apain, the plane con be divided into = stop band and a pass band.,

The boundary between these regions is I = .Li4 (except when v ~ wp), which
corresponds to W = -wy /2 -+VTEZ7§73:TEEF. A low [requency wave (F << 1)
propagating in this mode in a plasma (naplecting ion effects) would experience
very high attenuation and be Guickly demped out. For example, for a collision
frequency such that © = V/bp = 1077 the ion cyclotron wave would experience an
attenuation a factor of 4,10° greater than that for the electron cyclotron wave,
In the region of the edge of the stop band there is a very rapid decrease in
attenuation, The plasma becomes transrarent to this wave at a comparatively
low frequency, lower than the plasma frequency (F = 1).

Fig. 2,4 shows the propagation constants for the ordinary wave in
the plasma, It is somewhat similar in shape to that of the ion cyclotron
wave, and since it also possesses one low freguency stop-band, most of the
previous remarks apply in this case. For low p-f frequencies all the F = W/bp
contours tend to the line a/fe = B/k. Consequently, in this region the plasma
acts like a metallic conductor (kg >> Kp)e The upprer edge of the stop band
is at the plasma frequency (F - 1,0) since this wave is unaffected by the
externally applied magnetic field.

The presence of two stop and two pess bands for *he extra-
ordinery wave makes the variation of rropagrtion constants rather complicnted,
Consequently, the diagram is ssparated into two, Fig, 2,5 shows values of
F = 0 to 1.0 (which includes the lower stop region) and Fig, 2.6 shows values
of F = 1.0 to = which includes the upper stop region. This division has the
further advantage that this extraordinary wave cen be compsred to the other

wave types rather easily, At the lowest frequencies (again ncglecting ion



Fig. 2.3 Normalized a‘tenuation and phase constants for the ion
cyclotron wave,
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effects) this wave is similer to the ordinary wave, Near the upper edge of
the lower stop band it behaves rnther like the ion cyclotron wave. For both
these waves this boundary occurs at w = -wyp/2 +VTEE7§75:—E;F (F = 414) and
their attenuation and phase constants are similar in this region. Above

F = 1 the extraordinary wave btehaves much like the electron cyclotron wave,

The only mejor differcnce is that the lower edge of the upper stop band is

now at w = VU}-+wb2 (F = 2,236) rother than at @ = wy (F = 2.0),

2,2 Faraday Rotation

Faraday rotation or the rotation of ‘he plane of polarization of a
linearly polarized wave propeg-ting in a plasma in a direction parsllel to
an applied d-c mupnetic field, mentioned in the previous section, will in
the sequel be derived and applied to the case of e-m waves in ionospheric and
re-entry plasmas, As previously shown, two values of the dielectric coefficient
are possible depending whether the weve is right-hand or left-hand circularly
polarized. The phsse velocities for these two waves, the electron cyclotron

and the lon cyclotron wave, are given by:
vp = oA = /le,, ¢ e, )" (2.8)
where: c is the velocity of light.

Thus the right-hand wave will have, in the plasme, an attenuation
constant (a.) and a phase constant (O_), while the lef't-hand wave will have

an attenuation constant («,) and phase constant (B,) where
@+ Pr o= Wl = gkle,, t e, )" (2.9)

As is well known, a linearly polarized wave cen be split up into

two contra-rotating elliptically polarized wavea, Thus a plene wave linearly
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polarized along the x-direction (and propagating in the z-direotion) can ba

written*:
Ey- By Ex+JE,
Ey = 5 + 5 = BE- + E,
o iEy corresponding to a right hand elliptically
L BN E 2 polarized wave since Ey/'Ex = =J.
. Ex4-jEy corresponding to a left hand elliptically

2 polarized wave since Ey/‘Ex = J.

Due to the different phase velocities of the two (right-hand and
left-hand) circularly polarized waves, ths plane of polarization of the
resulting linearly polarized weve is rotated as ths wave propagates in the
plasma. At any point z in the plasma the right-hand polarized wave (assuming
initial circuler polarization so that: Ey = By = E) is:

q B (1- j)e-(a_ + Bz (2.108)

- S

Similarly, the left circularly polarized wave is:
B, =B (14 9)a(®e Bl (2,10b)

It is assumed that at the pcint z = O in the plasma, the electric vector of
the wave was linearly polarized along the x-exis and of amplitude E,.

For a lossless plasme (a_ = a, = O) or for a plasma where the
attenuation constants for both waves are approximately the same (a_ = a,),

the resulting wave in the plasma is given by:

E = % {(1 - J,e'ﬁ-” + <1 + 3>e‘3‘3~ ”}e'” (2.11)

- " e i o i e o S ey o D e D 10 D S sy M S w8 ey S e i - -

* The convention chosen here is more ..atural in terms of the wavo rotation but

is opposite to that adopted in many optics books such as for example: Born and
Wolf - "Principles of Gptics" Pergamon Press (1959) pp.29.
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This can be expanded in terms of trigonometric functions and real
and imaginery parts separated,
The tangent of the angle (6) through which the wave has been

rotated is given by

E real

«“

tan 0= E——iw = tan [<9:-;‘—‘-3-f-)zj

ot

o« Bl o L kT (ey v e ) (e, -0 ) % o (2u12)

For a lossless plasma (Vv = O) and neglecting the effects of the

ions:

m

Ir
n
1

wp? 4
1y 2 T iy I;%'TT-vwbhs (2.1})

so that the Faraday rotation engle can be readily computsd.
For the case of weak gyrotropy (w, << ») and for r-f frequencies

above the plasma frequency (w > wp), the Faraday rotation angle is given by:

2
52l LRy (2.18)

w3

nNIx

The Faraday rotation depends on the d-c magnetic field, electron
density in the plasma and the distance of propagation of the wave in the
medium. For the case of weak fields and lossless media the Faraday rotation
is directly proportional to the d-c magnetic field strength and the plasma
alectron density.

A linearly polarized wave traversing the ionosphere or the
ionized plasma sheath cf a hypersonic re-entry vehicle may experience a
Taraday rotation due to the earth's magnetic field, These effects have

been investigated and are shown in Fig, 2,7. A value of the earth's magnetic
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field of .4 gsuss is assumed, The component of the earth's magnetic field
parallel to the direction of propagation will in general be less, end so

the curves give larger vnlues than would be encountered in practice, except
near the magnetic poles., For the ionosphere, an electron densily of

3 % 10° electrons/'cm3 has been assumed, As can be seen the Faraday rotation
maey b3 apprecisble depending on the r-f frequency and the plasma (ionosphere)
proyerties,

The shock front of a re-entry vehicle has & much higher eleoctron
den.tzd.t:yl+ and therefors higher plasma frequency. The assumed electron density
for the plasma sheath computations was 3 x 10'°electrons/'cm3 which might
correspond to the electron density along the side of the vehicle or in the
weke. Near the stagnation region the electron density will be much higher
and may be 10'6/'cm3 or moreh. As & result, the Faraday rotetion will
decrease. This is due to the fact that for Farade; rotation tc occur the r-f
frequency must be above the plasme frequency or else one of the waves, the

ion cyclotron,will not propagate ., Thus, Egn. 2.14 cen be written:
Wy W
o2k, -B. 2 (2.15)
2 ] wp

Since: wp/b must be less than unity, 6 will decrease as the ratio wb/bp
decreases, or alternately as wy is inoreased. From Fig. 2.7 it cen be
concluded that Faradsy rotation will be negligible for a signal propagated
through the shock front of a re~entry vehicle.

Paredry rotation of & redio signal passing through the ionosphere
due to the esrth's magnetic field has proven a problem in high el titude
vehicle telemetry, The difficulty is surmounted by the use of circularly

polarized entenns systems, The Faraday rotation principle has been used to
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Fig. 2.7 Faraday rotation due to earth's magnetic field.
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give a measure of the total electron concentration in the ionospheres’23.
One system requires the muon to act as a reflector for a signal from esarth,
The echo is rotated due to its double passage through the ionosphere, It
is possible that this principle may also be used to probe other magnetised
plasmas, for example, the sun's corona,

The Faraday raoteticn hee Lion used L0 study wie decay of discharge
plasmas in magnetic fieldsé. The rotation of the plane of polarization can
be readily measured and related to the electron density.

Many ferrite microwave devices use the Faraday rotation principle,
These devices include isolators, which introduce a high attenuation to waves
in one direction only dus to the fact thet the rotation is in the ssme sense
irrespective of the direction of propagation. Gas discharge isoclators,

gyrators, attenuators and phase shifting devices are also possible,

2.3 Non-linear Interaction of Electromagretic Waves in a Plasma

In addition to :he effect a plasma has on the pruperties of a
rropagating electromrgnetic wove, the wave itself, if the electric field
strength is sufficiently great, can alter the rlasma and hence in turn its
own characteristics, For completeness these effects will also be discussed
in this report,

Thus, two electromagnetio waves travelling throusgh an ionized
region may under certain conditions interact in such a way that a modulation
imposed or one of them becomes transferred to the other. This effect is
termed the "wave-interaction" or "Luxembourg effect" because the first
observetions of the effect were made with a set of radio waves interacting
in the ionosphere and sent out from the broadcasting station at Luxembourg?

3
The effect has also been observed in the laboratory by Anderson and Goldsteint.



This effect is qualitatively similar whether the plesma is magneto-active or

not and for simplicity, magnetic fields will be neglected in the discussion,
For this interaction to teke place the electromagnetic properties

of the medium must be a ron-linear function of the amplitude of the electro-

magnetic energy propageting through it. This condition can be satisfied in

a plasma since the dielectric propertisz of the plasma are strong functions

of the electron collision frequency. As an e-m wave travels in a plasma it is

generally attenuated. The absorption of this energy results in an increese of

the collision frequency and a change in the attenustion and phsse constants of

the plasma. If the amplitude of the incident wave is periodically varied, the

temperature of the electrons follows in step and the absorption of the

wanted wave elso varies periodically., In this manner the modulation of the

interacting wave becomcs superimposed on the wented wave,

One should also note that the non-linesrity associated with the
dependencc of the effective collision frequency on the field strength of a
strong radio wave will affoct the propagation of this wave in the plasma,

That is to say, the wave suffers a form of self-distortion or "self-effect"
when the wave is not modulated anl o form of self modulrtion if the wave is
modulated,

In addition to the effects there is another type of effect, which
can occur for a wave propagating in a non-uniform plasma or in any marneto-
plasma and is due to the dependence of the electron concentretion of the
plasma on the field strength associated with the electromagnetic wave., A

simple quantitative explanetion of these phenomena is now presented,

{a) "Cross-Modulation" end Self Lffectis

An electromernetic wave propagatine in a plasme, in which the real

part of the conductivity is finite, will be attenusted, The attenustion is
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due to the absorption of power from the wave by the el ctrons whose kinetic

energy is increased,

The electrons, in turn, lose some of their energy by

collisions with the plasma constituents (neutral particles, ions, electrons),

In this way, the plasma tends to attain an equilibrium temperature for all

the species.

If one considers an average electron, then the change of

eleciron envrgy, U, with time will depend on the difference between the

energy absorbed by each electron per unit time from the electromagnstic

wave, Py, and the energy lost by the electrons due to collisions with the

other gas species,

where:

Ug

Thus the energy equation becomes1

g—: + Ev(u ";g) BB (2.16)

is the frequency of slectron collisiovns with gas molecules and

is the fractional energy loss per collision for electron-atom and
electron-ion collisions.

is the average energy of the gas molecules and ions (assumed equal).

Considering the right-hand side of the equetion the power per unit

area carried by a plene wave as it travels in the z-direction is, according

tc Eqn.{2.3) and the Poynting theorem:

where:

P

0

l%li (2.17)

is the incident power per unit area and Z is the characteristic
impedsnce of the plasma, very nearly equal to Z,, the character-
istic free space impedance. Hence the power ahsorbed in & unit

cross-section of thickness dz is:

dP = =2aP dz (2.18)
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This element of volume of plasma contains ndz electrons, so that the average

energy, §%, per second absorbed by each electron is:

dP 2ap
Po = -ngz = T (2.19)

For a slishtly ionized plasma (w® >> w; ;6% >> 1V?) the attenustion constant a is:
(4] 2
o =B}
“-<w> -z (2.20)

Hence the average energy absorbed by each electron per second can be written

according to Eqn.(2.18)(2.20) and (2.19)
1
Ro = == - 3 |&l? (2.21)

Note that if the electric field of the wnve (E) is a function of time, then
the energy absorbed by each electron (Py) is also a function of time.

In order to determine the variation of collision frequency with
time, it is necessary to rel-te the electron energy, u, to the collision
frequency. Assuming that the electron energy is proportional to the square

of the average collision frequency. Then

n = Av? (20 22)
where: A is a constant when a constant mean free path is assumed,

Using Eqns. (2,21) and (2,22) Eqn. (2.16) becomes in terms

of the collision frequency
i (2.22)

where: Gé = AV, and v, is the collision frequency in the absence of the

applied external wave,
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Consider now a modulated wove travelling in the plasma with its

electric field described by
E = E (14 Mcos pt ) (2.24)

where: M is the percentage modulation

p 1is the modulation fraguency

Equation (2.23) may be solved if one assumes that the variations of
the collision frequcncy due to the impressed wave are not very great (this is
always true in the ionosphere, for example, since the field strengths applied
to the ionosphere are small, even with the most powerful radio transmitters),

Then the factor (¥°-v3) can be written as

V- wd = (vay ) (v-v,) vy (v=v,) (2.25)

and Eqn. (2,23) becomes

d(v-v e’E)
T + VeE(v-v,) = e ) (1+ Mcos pt) (2.26)

The steady state solution of this equation is

2
e’E?

- 1 ¥ ]
Ve¥, = QTIW‘Z‘I . EZL‘I + WW cos(pt- ¢)_J (2.27)
where: ¢ = tan '(p/kv)

Eqn.(2.27) determines the change of collision frequency in time
due to the modulated wave and hence the change in attenuation of eny other

wave passing through the same region of plasma,



(b) Effect of Field on Rlectron Concentration

For a wave propagnting in a non-uniform plasma or in & uniform
anisotropio plasma, the electric field associated with the wave is, in

921 f.e. VE40. This field is then not purely

general, not divergenceless
trensverse tc the direction of rropagation but has a component of the
electric vector in the direction of rropagelion. Such an electiic field
will produce an electron charge gradient parallel to the wave front which

varies reriodically at the reriodicity of the travelling wave. It will thus

give rise to non-uniformities in the plasma, For a wave in such a medium
-
V.E = p/e, (2.28)
where: p is the charge density,

and in a non-uniform medium or a wniform anisotropic medium,

P = elN (2-29)
where: AN iz the chenge in electron concentration,

Thus the effect of the non-uniformity or snisotropy of the plasma
can be considered as a change in electron concentration, which depends on

-»> o
the electric field since V¢ D = V. €,KE = O then

-»> o

- eV
AN:-ZS-V'E = -Ee-n-'g—»— (2.30)
K

The change in electron concentration due to the wave results in a
change in the dielectric coefficient by an equivelent a.mountg’1 (considering

collisions)-

(2.31)
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For a plane elliptically polarized wave of the form

T (B + ghp)et?t o=ik(ner) (2.32)

=R

where: is a vector in the direction of propagation of magnitude equal %o

the refractive index of the plasma.

Lo 1

» 1s the position vector,

VB = kB + By JeH o~ J(neT) (2.33)

Note that AN depends on the components of the field in the direction
of propagation (;).

Only for the extraordinary wave is VeE # 0 end this is the cnly
wave with e component of the electric vector in the direction of propagation.
For simplicity, let the directic- of rropagation of the extraordinary wave
be along the z direction (magnetic vector of the extraordinary wave along

the x-direction). Then Eqn. (2.33) gives:
-
VeE = -jkn, B, (2,34)

The ellipticity of the extraordirary wave is defined as the ratio
of the electric field in the directior of propagetion to the electric t'ield
transverse to the direction of propegetion.

The wave equation becomes1
-> 2 . i 2
il (ny® - €44)E, - (“zny”e‘”)Ey] + dngny <36, )E, + (ng ~€,)E] =0

and it follows that

B €
b A P -3 2,3
Ey ‘.,(-:"1 ( ) 5)

so that from Tan. (2.34)

VeE = -kny g2 By (2,36)



- 23 -

Hence AN &g Eyp ]
W =T on ¥z T,y By (2.37)

The change in electron concentration thus depends on the dielectric
cocefficient tensor and is linear with respect to the field, The other three
waves considered in section 2.1, the ordinary, and the cyclotron waves do not
exhibit this effect since they do not have a camponent of electric field in

the direction of propagation,



ITI. ULECTROMAGNETIC RADIATION FROM FLASMAS

3.1 Introduction
In this soction the radiation srectrum from an anisotropic plasma

is derived from its electromagnetic properties. This approach is based on a

genersl formulation of Kirchhoff's lew for the energy rasdiated by a body.
Rytov1o end Levin11 have shown that the emissive power of a body

at a frequency « is given by
KT
Fo = 557 A (3.1)

where: Ay is the power absorptivity of the body (an sbsorptivity of unity
corresponds to a black body).
K is Boltzmann's constant,
T is the temperature of the body end
A the free-space wavelength,
Py is the redinted power per unit frequency intervel, per unit solid

angle, per unit surface ares for a given polarization,

r3

his general expression is valid for any degrec of sbsorptivity while the

other form of Kirchhoff's law, €y = @y I,y (where I,, is the black body
intensity of radistion, €, and ay are emissivity and absorption coefficients,
respectively, of the body) describes the equilibrium rediation within the body,
and is only valid for smell values of absorption coefficient, ay., The
equilibrium radiation spectrum of a body cen then be predicted from the
spectrum of the absorptivity. The ebsorptivity, A,, is defined as the
fraction of energy ebsorbed by & body when a plane pclarized electromagnetic

wave is fncident upon it, and is given by10,11,12



. fviRe(-.’T--F:*)dv
P

E -> > 5 (3'2)
fo¥Re(Ey = Hy )ds

where: 5 and E are the current density end the electric field in tche body
due to &n incident electromagnetic field (Ei and ﬁi) on the body., The
nunerator which represents the energy absorbed bty the body and dissipated
as joule losses can in principle be deduced from the electiromagnetic
properties of the body. The denominator is the energy incident on the body,
The cvaluation of Ay from Eqn, (3.2) is a boundary-value problem which
has only been solved for very simple geometrie59'11. Such 2. solutior would
be even more complicated for anisotropic and inhomogeneous bodies.

Using a simple model, ‘the radintion spectrum for a plasma in
equilibrium in a constant d-c magnctic field will be derived, The plasma
geometry of a sleb, whose dimensions sre infinite along the x-y axis
(Fig. 3.1) and of thickness d along the z axis, is chosen. This configurae
Ltion of plasma permits diffraction effects, which are important when the
plasma dimensions are not much greater than the wavelength of the radiation,
to be neglected., It is assumed that the plasma is in thermal equilibrium
and the elcctron density is uniform throughout the plasma, implying infinitely
sharp boundaries,

Propagation in en anisotropic plasma in any direction cen, using
Maxwell's equations, be analyzed into the propagation of wwo waves, whose
properties are a function of the orientation and magnitude of the magnetic
field, For mathematical simplicity orientations of magnetic field, parallel
to and perpendicular to the direction of propagetion are chosen. The

resulting waves are the electron and ion cyclotron wnves for propagation along
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the magnetic field ani the ordinary and extra-ordincry waves for pronagsasion
transverse to the magnetic field (see section 2.1),

The power ebsorptivity Ay may be expressed as
Ay =1 - |P|*- |7|? (3.3)

where : |1‘|2 and ITI2 are the reflectivity and transmissivity respectively
of a plene wave incident normally on the slab surface. Irlz and ITI2 are
evaluated by matching at the boundaries the incident end transmitted fields
with fields in the plasma. In this way interval reflections of the e-m

waves within the plasma are teken into sccount., Since only normal incidance
is considered nothing can be deduced about the radiation incident at angle -
other than normal to the surface.

The effect of varying the electron collision frequency and the
thickness of the slsb are both investigated and showm to change the radiation
spectrum radically. The effect of sharp bouindaries, which give rise to
undulaticns in the spectrum are discussed. The effects of changing the

electron density and the masnetic field are also examined.

3.2 Absorptivity

Let a plane electromagnetic wave be normally incident on the
plasma slab with its E-vector elong the x-axis(as in Fig, 3.1). On the

free-space side of the first plasma boundary, the fields nre:

Wwt=y, z
Eyj = B, 2" 0 Ey =By = 0
(3.4)
B B Jut-y,z
Hyiz-gzi=-z-:-e © Hx=Hy=0
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1

= is the free-space impedance
Veoh,

where: Z,

e, 1is the permittivity of free-space,
#, 1is the permeability of free-space.
Y, 1s the propagation ccnsiant in free-space,

Y, = Jk where k = 2n/A (A is the wavelength),

If an amplitude reflection coefficient Ty 3s 3efined for the

toundary 1-2 (see Fig. 3.1) then the reflected plane vave may be expressed as:

Exr & roEoejwt+y°z
. (3.5)
- oEo Jwt+y Z
Hyr = - _—Zo e °
Hence the total fields in region 1 are given, from (3.4) and (3.5) by
Eyx = Eoe‘jmt l'e-yoz £ Take z]
(3.6a)
_ B Jut “Yo? _ Yo 2
Hiy o e [e T,e ]

Similarly, the waves in the plasma {region 2) can be expressed

E,e’jwt l:e-yz + I"eyz:l

as

(3.6b)

sz L EZL ej"t l:e-Yz - r' eyz:]

where: I', is the amplitude reflection coefficient for the waves incident

at boundary 2-3 and

b o =3 (3073)

Zo
Je—o“o K VK
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7 is the plasma characteristic impedance where K is the dielectric coefficient
of the plasma. The permeability, 4, of the plasma is assumed equal to unity.
Further
v,
y = KK = a4 B (3.7)
y is the nropagation constant of the waves in the plasma., & and B are

functions of the dielectric coefficient.

The wave travelling from left to right in region 3 is given by

Byx = TOEoert e Yo
(3.8)
B jut =y 2z
- 0
H:y =T, Eﬁ e e

where: T, is tho amplitude trensmission coefficient for the waves incident

on boundary 1 and traensmitted through boundary 3.

Now matching the fields at boundary 1-2 (z = 0) gives, from

Eqns, (3.6a) and (3,6b)

E,(14To) = E,(14T,)

(3.9)
Eo (4- =Byl
ZO (1 I‘O) - Z (1 I‘1)
At boundary 2-3 (z = d) from (3.6b) and (3.8) it is found that
E,(e-yd + F'eyd) = ToEoe-y°d
(3.10)

EL (B-Yd - F’eYd) i ToEo e"YOd
Z Zo

Sclving Egns. (3.9) and (3.10) for T, and T, as a function of

Z and yd yields
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-y, ) 1 (7 7 -
Tgo °© :[oosnyd +§-\-Z-;+~£=sinhyd I (3.11)
1/ il

5 (Zo z>sinhyd
T, = (3.12)

1(2 , %9)\,;

coshyd + 5 (Zo + Z>31nhyd
From Egus. (3.72) and (3.7b), the ratios of the characteristic

impedance of the plasma and of free space are:

z B &
7o E" % (3.13)
EZQ- k| %9%%2 (501}4-)

The i"actors in Eqns. (3.11) and (3.12) involving the character-
istic impedance can be replaced by expressions which are functions of the

propegation parameters by the following substitutions:

7

i

= - %= 2(ne gu) (3.15)
and
Ezo- + %9- = 2(P+ 59) (3.16)
where
p__B- k2+a2+ﬂz Q-.‘L kz_az_Bz
2K azy pe T2k a4
_B (¥-a®-p a %B_ﬁ
L=2%"% + B2 M= as 4

The power transmissivity is given by the product of the amplitude
transmission coefficient and its complex conjugate. Equations (3.11), and

{3.16) yield after some manipulation
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*

=TT (3.17)

1
" (F*+ Q*)(sinh®ad+ sin®Pd) + PPcoshad sinhad + sinhiad s cosZDd - 2Qsinfd cos Bd

“Yod -+ _-yed

[T]2= Te Yo%t 0

Similarly from (3.12) (3.15) and (3.16) the expression for the reflectivity is
given by
(3.18)

lrlz . (Lz + Mz)(sinhza(} + sinzﬁd)
~ (P + Q") (sinh®ad + sinfd) + 2Pcosh ad sinh ad - 2Qsin Pd cos Pd+ sinh?ad 3 cos?Bd

which leads, from Eqn.(3.3), to the relation for the absorptivity
(3.19)

A =1 - 1+ (L% + M*)(sinh®ad + sin’pd)
D (P2 + Q°)(sinh?ad + sin?Pd)+ 2Pcosh ad sinh 1d+ sinhZad + cos2Pd = 2Qsin $d cos Ad

This relation gives the absorptivity of & uniform plasma slab for
an incident plane electromagnetic wave in terms of the electromagnetic
properties and thickness of the plasma,

Eqn.(3.19) is cumbersome to evaluate. However, simple approximations
are possible for both high and low r-f frequencies relative to the Flasma

>> >
frequency and electron cyclotron frequency (i.e. w < Wp, W <i “’b)'

(8) High Frequency Approximation

At high frequencies where (w/v)? >> 1 and (w/wp)z >>01, (w/wp)? >> 1
and where Wp is of the same order of magnitude as wy, the expression for the

absorptivity is

1
T 1y 2ad + 2(ad)?

112

1 (3.20)

Ay

Further, for a tenuous plasma

IR

Ao 2242 24 (0p/)®  (ad << 1) (3.21)



- 31 -

For an opaque plasma

2V2uy

T (ad >> 1) (3.22)
Wp+ V2wy

Ay =
The intermediate steps for these expressions are tasbulated in Table 3.1, Note
that for the tenuous plasma the absorptivity is directly proportional to the
thickness cf' the slab and the collision frequency and inversely proportional
to frequency squared. This implies that the radiation spectrum (Eqn. 3.1)
is independent of frequency in the regions where self-absorption is negligible,
as predicted by Dellis15. In addition, it should be noticed that in the high
frequency limit the plasma is essentially isotropic, and the expression for

Ay is essentially independent of orientation of magnetic field,

(b) Low Frequancy Approximations

At low frequencies the plasma remains anisotropic and hence the
absorptivity at different directions to the magnetic field does not lead to
the same value as wss the case for the high frequency region., The absorptivity
as given by equation (3,14) using anpropriate approximations is laisted below.
The intermediate steps are tabulated in Table 3.1,

The low frequency assumptions are

w 2 2
b “p 5
- >> 1 ( w> >> 1 <5> >> 1

wp and w, are of the seme order of magnitude.

(1) Absorptivity parnllel to the magnetic field.

(a) Electron Cyclotron Wave. When the plasma is thin eand appears tenuous

to this wave
v/wgp

“pd , (9) o | v
@5

Ay E (ad << 1) (3.23)
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Note that the absorptivity for very low frequencies is independent
of frequency (when ad << 1) for this wave. As will be shown this is also true
for the other waves considered here.

When the plasms is very thick and the condition ad >> 1 holds,

LW
Ay S (ad >> 1) (3.2)
Vewy, <1 + ——2{>
Vowt,

Fron Table 3.1 it is clear that the attenuation coefficient, «,
is small so that physically Eqn, (3.24) represents the case of
n very thick slab. Tt can be seen that as the frequency @ tends to zero Ay
..... “2. This result is aomewhat surprising since it indicates
that at very low frequencies the absorptivity of a thin slab may be larger
than that for a thick one. The absorptivity of a very thick plasma (ad >> 1)
is independent of d since all the energy which penetrates the first boundary

is absorbed, These remarks also apply to the other waves as will be shown.

(b) Ton Cyclotron Wave. When the plasma aprears tenuous

v/w
Ay = /f’ (ad << 1) (3.25)
wpd ! 2§>ﬁ 2ol b
Pem = (“p. dvp 4 Wp

This is identical with that for the electron cyclotron wave. When the

plasma appears opaque

Ay 2 2V0/wy, <vfug (ad >> 1) (3.26)

The absorptivity for the ion cyclotron wave (neglecting ion effects) also
decreases as 0" and in this case is directly proportional to the electron

collision freguency.
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(2) Avsorptivity trensverse to the magnetic field.

(a) Ordinary Weve, When the plasma appears tenuous

~ __2(a/k)(ad) o “pidfve (ad << 1) (3.27)
[+ (@)@ [, upd]®
L_ 2ve

Clearly, the absorptivity is again independent of frequeacy and if considered

as a function of d has a maximum for 4 = 533 .
P
When the plasma is opuaque
~ 1~ Ha/k)?
LT v Cy R (ad >> 1) (3.28)

3 Wy
by = alll

wp + V2w

Tha absorptivity egain decrenses as the frequency is lowered.

(b) Extraordinary Wave. When the plasma appears teauous
4 Pp

wptd
Pl T fad << 1) (3.29)
and
(ad >> 1) (3.30)

Thes> two expressions are identicel to those obtained for the ordinary wave,

(¢) Etfect of Boundaries on the Absorptivity Spectrum.

If the free-space—plasma interface has a very small reflection
coefficient, implying a pood match between free space and the plasma, the

absorptivity, is simply unity less the transmissivity (Eqn. 3.3). If,on
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the other hand, the reflection coefficient is large there is a bad mismatch
and the absorptivity is ulways small since little ensrgy cen penetrate the
plasma.

Another effect which is likely to modif,r che atserptivity spectrum
is that dus to multiple internal reflections of the energy between the
boundariss of the slab. If one examines the general solution Eqn.(3.19) for
Ay 1t is noted that for a continuous change in the slab thickness, d, the
functions sinBd and cos Bd will go through minimum and meximum velues
every time Bd goes through an interral number of 7/2, Thus, it is expected
that these functions will give rise to unduletions in the value of absorptivity
as function of the slab thickness. A similar effect will take place if
instead of varying the slab thickness one studies the frequency spectrum.

In this case as @ is varied B also changes and Bd may become equal to an
integral number of #/2. This effect may be examined in a more quantitative
manner as follows,

Consider the case where fd = nv {n an integer) and let Ap denote
the absorptivity where Bd = nm, Eqn. (3.19) becomes

[FP+0°-1°-M 4+ 1] tanh’ad + 2P tanhad (3.31)
(F¥+ 7) tanhZad + 2P tanhad + 1 .

Ay =

It (B/k)? >> (a/k)? and if (B/k) is not close to unity undulations in the
spectrum are to be exrected as long as ad is less than unity, since *hen the
wave can be reflected many times before being completely attenuated.

Equation (27.31) then reduces tc

~ 2tanh ad (P+ tenh ad )
M = = (Ttamhaas 1)? (3.32)

Consider next the case where Bd (n + ¥)7 (n an integer), Let An be the
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absorptivity where this condition holds., For this case

U"’+Q -L -M?) + 2P tanhad 4+ 2tenh’ad - 1 (3.32)
+ Q%) + 2P tanh ad + tanhZad 022

U

Again, if (B/)? >> (a/k)* Eqn. (%.33) becomes

e 2sinhad _ _2tenhad chn
"7 (Pcoshad + sinhad) = P + tanhad el

An estimate of the amplitude of the undulations may be made by considering
the ratio of AT to A7/2, Assuming that ad and P are the same value for both

Am and A7/2, then from Eqns.(3,32) and (3.33)

(P 4+ tanhad )?

An/hs = Thtanhad 3 TI7 (3.35)
~ 1+ (B/K)?
P= 5

Since (1-B/k)° is always greator than or equal to zero
1+ (B/k)® > 2(B/k)

Consequently, P is always 2 1,

Since tanhad is never pgreater than unity ther A”/A%>1. The
absorptivity spectrum will, therefore, go through a maximum when fd = nw
end a minimum when Bd = (n + )7, The amplitude of the undulations is &

function of (B/k) and ad,

3.3 The Absorptivity Spectrum

The absorptivity spectrum has been computed (using Egqn. 3.19)
as a function of normalized frequency (w/bp) for a uniform d-c megnetic

field both along the direction of propagation and transverse i{o the direction
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of propagation, Four spectra result,corresponding to the four possible waves
discussed earlier; the dielectric coeff'icient for each wave being 1listed in
Table 2,2. The effect of electron density end collision frequency on the
absorptivity was investigated by computing a set of curves for a fixed

plasma thickness (4/Ap = 2.5) and values of v/wp renging from 10°> to 1
(Figs. 3.2 -3,5), The variation of absorptivity with plasma thickness was
for a value of U/wp = 10" and values of d/Ap renging from 0,05 to e

(Figs. 3.6 -3.9). 1In ell cases a constant value of wbﬁnp = 2 was chosen,

(Ap is defined as the wavelength corresponding to the plasma frequency and

is hence & measure of electron dsnsity in the plasma).

Tho main characteristic ¢f the results is that the gbsorptivities
have a maximum just outside the edges of the stop-bands (as indicated) except
for very high collision frequencies (v > wp) and very low thickness (d << Ap).
Another characleristic is the presence of unduletions in the ebsorptivity
spectrum., These undulations are caused by internal reflections from the slab
bourdaries., A further charactoristic is that the absorptivity of e very thin
slab is often greater than that of an infinite slab at very low frequencies,
This effect,which cannot be predicted on the btasis of the geometrical optics
theory,seems te appear as a result of a solution based on a more exact
boundary value treatment. In any case,for a plasma slab swmall compared with
the wavelength of the radiation the concept of ray tracing cannot be applied.

In any practical case tha total absorptivity of an anisotropic
plasma slab in a direction normal to its boundaries is s combination of the
absorptivities of the two possible waves in this direction. For example, if
the externally applied magnetic fieid B, is along the direction of propagation
(Fig. 3.1e) the sbsorptivities of the electron (Ag) and ion (A;) cyclotron

waves must be combined,
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The linearly polarized uniform plane wave carrying unit power
considercd in the f'irst section cean be regarded as two equal amplitude
circularly polarized waves rotating in opposite directions, One of these
circularly polarized waves is the electron cyclotron and the other the ion
cyclotron wave. Since each wave cerries half the power the absorptivity is

the meaa or Ag and Ay, i.e,
A = ¥(Ae + A1)

Similarly, when the applied magnetic field is perpendicular to
the direction of propagation the total absorptivity is the mean of the
absorptivity of the ordinary wave and extraordinary waves if a randomly

polarized incident wave is used,

(a) Variations in absorptivity spectrum

(1) Low Absorptivity in Stop-Band

For a loss-less pla%§a (v = 0) the stop-bands are a region where the
phase constant (B/k) becomes rero implying that no propagation can occur.
The term "stop-band" for a plasma which has a small but finite number of
collisions (v << wp) implies a region where the normalized phase constant
(B/x) drops very rapidly. It has little meaning when the collision frequency
is high (v ~ wp). Generally one expects entanced absorptivity just outside
a stop~band, since (8/k) is not very different from unity and most of the
energy penetrates the first boundery and is ahsorbed due to the high
attenustion constant, a,

In the stop-bands the plasma is badly matched to free-space
(B/k not close to unity) resultinc in a laree reflection from the first

beundary and low absorptivity since little energy enters the plasma,
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(2) =®ffect of Electron Collision Frequency

In general, & high collision frequency implies a very lossy
plasma and high absorptivity over the whole spectrum, A low collision
frequency implies a bad mismatch to free space in the stop~bands and there-
fore very low absorptivity in this rogion, Over the rest of the spectrum
the absorpiion path length, ad, is small and decreases as the electron collision
frequercy decroases, implying low absorption.

For exemple, et the centre of the stop-band B/ = .06 for the
electron cyclotron wave when V/bp = 1072, Decreasing the oollision frequenocy
by a ractor of 10 to V/bp = 107 reduces B/k to .006 implying & much higher
reflection,

The power reflection coefficient from the first boundary is given

by
1-B/A) + (a/fk)?
(1+B/k)? + (a

The energy which dves penetrate the first bourdary is, however,
all absorbed in its first passage through the s£lab since ad is very large

(~ 100 -200) in the examrles cunsidered above,

(3) Effect of Slab Thickness

For an infinite plasma slab at frequencies greater than both the
plasma frequency and the electron cyclotron frequency the avsorptivity of a
plasma increases as the slab thickness, until the absorptivity is practically
unity. This meane that the reflectivity is practically zero and the trans-
missivity is zeru, For a thinner slab at these high frequencies the
absorptivity decreases since the absorption path length, ad, decreeses, At

frequencies slightly below both the plasma and electron cyclotron resonances



the absorptivity also increeses with alab thickness, At very low frequencies,
‘however, this theory gives some anomalous results. It appsars that the
absorptivity of a thin slab is very much greater than that of an infinite

one, Also, the charscteristic maxima at the stop-bands are modified or

disaprear.

(4) Effect of Flectron Density and Mapnetic Field

The effect of changing electron density is to change the plasma

frenuency in accordance with the relation

2
2 ne 2n¢
wp =-€—°-E or )\p=7‘);-

The absorptivity curves (Figs. 3.2 to 3.9) are normalized with
respect to plasma frequency, Wp, or free-space wavelength, corresponding to
the plasma frequency, Ap, and are shosn in term's of the parametérs U/wp,
w/bp and d/Ap. A value of “b/wp = 2 was chosen,

In general, changing the magnetic field changes the position of
the stop bands and the regions in the specirum of enhenced radiation. For
example, if the electron cyclotron frequency is made much larger than the
plasma frequency then the stop-band for the electron cycloiron wave and the
uprer stop-band for the extra-ordinary wave becomes extremely narrow and
their position almost coincides with the electron cyclotron frequency.
Consequently, only a single peak about wy wculd appear in the absorptivity
spectrum. A rediometer measuring radiation from such a plasma should
measure a high intensity about w, and a very much smaller intensity due to
the ordinary wave about Wpe In such a case the effect of the ordinary and
ion cyclotron waves on the total spectrum would be small.

Alternntively, making the plasma frequency much larger than the
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electron cyclotron frequency stretches out the stop-bands considerably, The
stop band for ordinary, ion cyclotron and extraordinary waves extends
effectively from zero to w, with a very narrow pass bsnd for the extraordinary
in the region of Wpe The stop band for the eleotron oyolotron wave is from
Wy to Wpe Consequently, enhanoed absorptivity should be observed mainly
arouni Yp with a small peak around wy (if v < wb) due to the lower edge of
the electron cyclotron wave stop-band.

These remarks do not apply to a plasma whose collision frequency
is high (v 2 wp) since in this case stop-bards have no meaning.

The mein point to note is that unless the electron cyclotron
frequency is of the same order of magnitude as the plasma frequency the

frequencies of enhanced absorptivity and radiation will be around @y and Wpe

(b) Undulations in the Absorptivity Spectrum

(1) Position of Undulations

The effect of sharp plasma boundaries on the snectrum of
absorptivity accounts for undulations which are sometimes quite violent,
These undulations are due to internal reflections within the slab. It is
clear from Fig. 3.10, in which the radintion spectrum (or absorptivity
multiplied by frequency squared in arbitrary units) is shown for the
ordinary wave (or an isotropic plasma), that peaks in the undulations occur

(n+ ¥)7. The curve of (Bd/m)

when Bd = v (n an integer) and dips when fd
is shown for comparison. This result confirms the theoretical derivation

presented in section 3,2 concerning the effect of internal reflections.

(2) Conditicns When Undulations are Apperent

There are seversl conditions for enhancing the undulations. As

discussed sbove, Bd must be greater than 7, The normalized phase constant
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illustreting undulations due to wall effects.

Fig. 3.10 Rediation spectrum (arbitrery units) for ordinary wave, f
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(B/k) should not be close to unity to give a mismatch and hence large
reflections. The absorption path length ad should be small (< 1), otherwise
the wave will be highly attennated in its first passage through the plasma
and further reflections will be negligible,

For example, consider the variations for U/bp = 10”7 in Pig. 3.i.

At:
Bd =7, w = 1,01 wp

B/k ~ .1 and ad ~ ,05

Consequently the wave can bounce back and forth many times before it is

finally attenuated,

(3) Effect of Electron Collision Freguency on ths Undulations

Undulations are always most violent when the collision frequency
is small., This is due to the fact that at the absorption path length, ad,
decreases with decreasing collision frequency. Consequently many internel
reflections can occur depending on the plasma thickness and hence enhance
the undulations in the sbsorptivity spectrum, The collision frequency has
little effect on the phase constant and on the position of the undulations

oxcept when V is close tuv the plasma frequency,

{4) Effect of Slab Thickness on the Undulations

The position of the undulatians in the spectrum is proportional
to Bd and therefore to the thickness, d, If the thickness is very small the
maximum value of Bd may not reach 7/2 and no undulations will be osbserved.

A thick slab may have such a high ad that virtually sll the energy is
absorbed in its first passage through the plasma, thus damping out any

undulations.

Fig., 3.11 shows the absorptivity as a function of slab thickness



when & = 1.2wp for v/wp = i0"' and 1072, The corresponding velues of

normal ized ettenuation constant, a/k, are ,005 and .05,respectively., The
undulations are much less pronounced for the higher collision frequency.

They are ccmpletely damped out at lerge values of slab thickness., Fig, 3,12
shows the case when @ = Wy, and corresponis to a much higher attenuation
constant, «, ani much lower phase constant, 8., Bd = 7 corresponds to sbout
d/kp = 2,5. Consequently, when the corrsct phase conditions for internal
refleotions occur, a high value of slab thickness and high attenuation constant

damp out the undulations,

(¢) Ansorptivity at Low Frequenciss

The results at low frequencies, previously discussed in conneotion
with squations 3.23 to 3.30, where a thin slaeb may have a higher absorptivity
than a very large one can not be anticipated from geometrical optics
approximations, Geometrical optics ray tracing techniques are only valid
when tiie ratic 2/ is much smaller than unity“*. Pigs, 2,2 to 2.6 should be
used to determine when geometricsl optics approximations are valid. Generally
a/B is much smaller than unity in the pass-bands, but not generally in the
stop-bands, where it may be of the order of, or much larger than, unity. The
theory used in section 2 is exact in 21l parts of the spectrum for the simple
slsb model used,

Pig. 3.13 illustrates the absorptivity as a function of sleb
thickness when @ = ,1wp for values of collision frequency corresponding to
viug = 10"' and 10"®, The corresponding ratios uf &/B for these two curves
are 2 and 20, respectively, The maximum observed with these curves corres-
ponds to the maximum already discussed in connection with equation (3.27). It

should be noted that this maximum can explain the cross-over of the curves for

different thicknesses at very low frequencies in Figs. 3.6 to 3.9.
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IV, _APPLICATIONS

It is possible that the passive radiation from the shock front of
a re-entry vehiole will give information about this plasma sheath and
subsequently about the vehiole itself, Whether the power received will be
sufficient for a deteiled analysis of the vehiole will depend on a large
number of faotors, such as emissivity of the plasma, height of the vehicle,
reoeiver sensiiivity and the tackground noise, The latter is shown as a

5

function of frequency in Fig. h.13 The densest part of the shock front is

4 trom about 1019/cuf

the stagnation region where electron densities may renge

to 1018/bm’, corresponding to a plasme frequency (fy) of 1 Kme/s to 104 Kmc/s.
Kirchhoff's law (Eqn. 3.1) shows the power emitted by a body

is proportional to the absorptivity and the square of the frequency., For

the problem of celculating the pessive microwave power emitted by a plasma

sheath surrouniing & re-entry vehicle, only the ordinary wave is considered,

(neglecting the earth's magnetic field and any magnetic field the vehicle may

carry), Fig. 3.10 shows that, in general, the rediation spectrum has a

peek close to the plasma resonance, Yps and is independent of frequency

higher in the spectrum. For maximum paczived power the radiometer should be

tuned to the frequency range corresponding to maximum overall absorptivity,

Ay jof the plasma siisaih. The power received at the radiometer is proporticnal

to the power emitted, the aperture (gain) of the receiving antenna and the

solid angle subtended by the plasma at the receiving antenna16. We can there-

fore write for the received power, Pp

Pr = Peflg0 (4.1)
where
Po = ¢ (Ban. 3.1) (4.2)

is the emitted power, assuming the plasma to redinste isotropically.
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Noise faotors in ocommunicationa.
(from refercnce 15),



Equation (4.1) becomes

KT
Pr = ot Aufls?

S
g = E§ is the solid angle subtended by the source at the antenna,

R is the distance from source to the antenna.

<

i1z the effective receiving antenne aperiure,
Sp is the surface area of the plasma 25 seen by the radiometer.
1., the sclid engle beamwidth = 6° = A* /p* = A® /o of the receiving antenna.
where: 6 = linear angular beam=idth,
D = antenna linear aperture,
Equation (4.1) becomes:

P. = KAy nﬁ:

Assuming Qg < 1, i,e. that the plasma is wholly within the beamwidth of the
receiving antenna, as will usually be the case in practice, the ratio Q,/ﬂr
is independent of frequency and therefore the maximum of P, and A, coincide.
Due to the high electron densities possibie in the plasma sheath it is
possible that the overall maximum in Ay will correspond to a frequency in
the very high microwave spectrum, where atmosnheric absorption is high, For
example, atmospheric absorption of electromsgnetic energy at 20 Kmc/s is
about .3 db per mile and, in general, increases with frequency17. In such e
case a compromise would bz required.

The possibility of detecting cyclotron rediation from a shock
plasma due to the earth's magnetic fiecld is very unlikely. The cyolotron
radiation due to electrons would be close 1o wy, which for the earth's

magnetic field of approximately-i guauss is about 1 Mc/s. The electron

collision frequency will in general be much larger than this and so damp
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out the resonance. In eddition, this frequency lies in the part of the
spectrum where the atimospheric noise due to man-mede and atmospheric sourcss
is very high (see Fig. 4.1 from refercnce 15),

The addition of ion effects in the dielectric coefficient of a
uniform anisotropic plasma rcveals the existence of a very low frequency
pass-bend (when v = 0) at frequencies between zero and the ion cyclotron
frequency. This opens up the possibility of using this pass-band for
prepegation through a plasma. A magnetic field might be carried in a
hypersconic vehicle for this purpose. This part of the spectrum will, howaver,
have low reflection and low a‘ttenuation only when the ion collision frequency
is small compared to the ion cyclotron frequency. In general, the ion
collision frequency is of the same order of magnitude as the electron
collision frcquency. Another effect of ions is the increase of absorptivity
of the plasme in the region around Qy, as long as the effect is not demped
out by the ion collision frequency.

The passive electromagnetic rediation from a plasma promises to
be a useful diagnostic tool in determining plasma parameters. Cne of its
wmain edvantages would be that it does not rerturb the plasma as do the more
conventicnal techniques of metallic probes, electromagnetic waves and
electron beams, The speotrum of radiation from e plasma may by comparison
with curves of the type shown in section 3 yield information of the plasma
frequency, electron collision frequency, the degree of inhomogeneity of
the electron density and the applied magnetic field. Radintion has already
found application as a diagnostic tool in fusion work where it represents
a large energy 103318. The cyclotron radiation may also give information
on the impurities due to sputtering from the metal walls enclosing a fusion
plasma19. Calculationszo show that if copper impurities make up 1074

of the ions in the plasma the radiation loss due to bremsstrohlung
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incresses by ten percent. The various lmpurities in the plasm: should 4lso
give & poak in radiation at the ion cyclotron frequency 0 (= eBM) of that
particular species as leng as it is present in sufficient quantities and
1y is much larger then the ion collision frequency.

The eleaxtromapnetic radiations from "space" have provided all
our knowledge of universe. In recent years radio astronomy has added its
contribution., Cyclotran (or synchrutron) radiation has provided information
on the magnetio fields end plasmas of the sun, galaxies, nebula and other
regions of "space"”, The polarization of cyclotron radiastion has given en
idee of the magnitude and orientation of magnetic lines of force as far
awey 3 6,000 light years in the Crab Nebula’', Tt was found that the degree
of polarization from this nebule is two thirds at redio frequencieszz.

The Faradsy rotation principle may give rise to some useful
microwave devices, enalogous to ferrites, for propagation control. The non-
reciprocal nature of Faraday rotation in ferrites has given rise to gyrators,
attenuators and phase shifting devices. Gns discharge devices of this type
could also be built, The Faraday rotation due to the earth's magnetic field
on a re-entry shock plasme was investigated and found to be negligible,
However, the Faradsy rotation in the ionosphere, which, in general has a
smaller electron concentration and has much larger thickness is shown to
be apprecisble as is well known from signal telemetry from Ligh altitude
rockets. This phenomenon has been used to obtain an integrated electron

23

content for the ionosphere”~.
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